For a smooth and proper variety Y over a finite field k the reciprocity map ρ Y : CH0(Y ) → π ab 1 (Y ) is injective with dense image. For a proper simple normal crossing variety this is no longer true in general. In this paper we give a description of the kernel and cokernel of the reciprocity map in terms of homology groups of a complex filled with descent data using an algebraic Seifert-van Kampen theorem. Furthermore, we give a new criterion for the injectivity of the reciprocity map for proper simple normal crossing varieties over finite fields.
§1. Introduction
The class field theory of smooth, proper varieties Y over finite fields k was developed by S. Lang, S. Bloch, K. Kato and S. Saito. To determine the structure of the abelianized étale fundamental group π ab 1 (Y ) classifying the finite abelian étale coverings of Y , the following reciprocity map was considered. 
where the restriction ρ 0 of the reciprocity map induces an isomorphism of finite groups between the kernels A 0 (Y ) and π 
Proof. See [Lan56] , [Blo81] , [KS83] , and [Ras95, §5] for a summary. We also mention [Wie06] , [Wie07], [JS03] , [KS09] , [KS10] .
In the study of varieties over local fields (cf. e.g. [Sat05] , [JS03] ) one is confronted with the reciprocity map of simple normal crossing varieties over finite fields. Definition 1.3 (Simple normal crossing varieties). Let k be a field and Y an equidimensional and separated scheme of finite type over k. Then Y is called a normal crossing variety over k if Y is everywhere étale locally isomorphic to
A normal crossing variety Y is called simple if any irreducible component of Y is smooth over k.
The main results in this paper concerning the reciprocity map of simple normal crossing varieties over finite fields are summarized in the following theorem. In the proof, an algebraic Seifert-van Kampen theorem [Sti06] is used, leading to a more explicit understanding of the kernel of the reciprocity map, in contrast to [JS03] using étale homology theory and cohomological Hasse principles. Also here the characteristic of k poses no problem.
be the disjoint union of the k-fold intersections, k ≥ 0, and Γ Y be the corresponding dual complex. Consider the complex
1. The cokernel and kernel of the reciprocity map
are given by
where the last group is finite.
2.
There is also an exact sequence
The last point gives a new criterion for the injectivity of the reciprocity map for simple normal crossing varieties which does not use the vanishing of the second homology group H 2 (Γ Y ,Ẑ) of the dual complex.
The next sections will lead to the proof of the theorem above. §2. An algebraic Seifert-van Kampen theorem
In this section we will introduce the dual complex of a variety carrying information about how the components intersect. Furthermore, we will cite an algebraic Seifert-van Kampen theorem and compute the abelianized version. The missing information is then controlled by the first and second homology groups of the dual complex.
Definition 2.1 (The dual complex). Let (I, <) be a totally ordered set. Let Y = i∈I Y i be a locally noetherian scheme with closed subschemes
the k-fold scheme-theoretic intersection of the Y i , and
For every integer k ≥ 1 there are k + 1 morphisms
given by the closed immersions
where the index i j ∈ I is omitted on the right side. For j = 0, . . . , k we get induced maps
on the connected components. Notice that we also have a canonical map h = δ 0 0 :
and the corresponding induced maps.
The homology groups of the complex
Theorem 2.2 (Algebraic Seifert-van Kampen Theorem). Let (I, <) be a finite and totally ordered set and Y = v∈I Y v be a locally noetherian and connected scheme with closed and connected subschemes
be the canonical map. Let s be a geometric point of Y and for every k = 0, 1, 2 and every
Fix a maximal subtree T of Γ and for every boundary map ∂ : t → t in Γ ≤2 let γ t,t : s(t ) Γ(∂)s(t) be a fixed path in the sense of algebraic paths between base points, i.e. a fixed isomorphism between the corresponding fibre functors. Then canonically with respect to all these choices we have an isomorphism
where H is the closed normal subgroup generated by the edge and cocycle relations:
for all parameter values e ∈ Γ 1 , g e ∈ π 1 (e, s(e)) and f ∈ Γ 2 . Here − → e is defined to be the corresponding topological generators of the profinite group
ijk is defined using the i-th vertex v = v i (f ) ∈ Γ 0 of f and the edge e = e ij (f ) ∈ Γ 1 with vertices
Proof. This is a special case of Corollary 2.3 (The abelianized fundamental group). Let the notation be as in 2.2. The abelianized fundamental group of Y is then given by
and H is topologically generated by the relations
where
with all the abelian groups written additively. Furthermore, for an abelian group A consider the complex
. We then have an isomorphism
and a surjection
Proof. The first statement immediately follows from 2.2 by abelianization. For clarity in the description of the homology groups we suppress the terms ⊗ Z A in every line. Now d 0 is the canonical map
So we get
The last isomorphism holds because T is a maximal subtree of Γ. Moreover,
Now consider the exact sequence
Because H = im(d 1 ), im(coc) we have a surjection coc :
Therefore the restriction of coc to ker(d 2 ), which by definition coincides with the restriction of β to ker(d 2 ), induces a well-defined and surjective map
Because T is a maximal subtree of Γ, we have ker(d 2 ) = ker(d 2 ). Moreover
vanishes on the image of
by definition of the α (f )
ijk and alternating signs. Therefore we also get a surjection
which finishes the proof. §3. The reciprocity map for simple normal crossing varieties
In this section we will determine the kernel and cokernel of the reciprocity map of simple normal crossing varieties in terms of homology groups of a complex filled with descent data. From this description we will deduce a criterion for the injectivity of the reciprocity map without using the vanishing of the second homology group H 2 (Γ).
Lemma 3.1. 1. Let f : Y → Spec(k) be a normal scheme which is separated, of finite type and geometrically connected over a finite field k. The degree map
is then surjective.
2. Let Y = v∈I Y v be a connected scheme which is proper over a finite field k such that Y v are closed normal connected subschemes of Y . Let
Proof. 1. Consider the commutative diagram 
Furthermore, we have an exact sequence of finite abelian groups
where Γ is the dual complex to (Y, (Y i ) i∈I , (I, <)). 
Proof. We have a commutative diagram of complexes
The statement now follows from the abelianized Seifert-van Kampen theorem 2.3 with A = Z/n:
Remark 3.3. The proofs of 3.2 and 2.3 show that
Therefore non-vanishing of β | results in a non-trivial kernel of the reciprocity map modulo n. If we could choose the geometric points of 2.2 such that the paths γ t,t generate trivial α (f ) ijk for all parameters, then we get a vanishing β | and therefore a trivial kernel of the reciprocity map modulo n for every integer n.
Notation 3.4. For an abelian group A and a set L of primes let N(L) be the monoid of all natural numbers which have prime divisors only in L. We define A L to be the L-completion
A/n, andÂ to be theẐ-completionÂ 
* and the reciprocity maps
where A 0 (Y ) and π geo 1 (Y ) are the kernels of the corresponding degree maps. 1. Then the kernel of ρ L is a finite abelian group and a factor group of H 2 (Γ, Z L ), and satisfies
Therefore, we have an exact sequence of finitely generated Z L -modules:
3. The cokernels of ρ andρ satisfy
Therefore, we have an exact sequence of abelian groups
Proof. For the L-completion we have the analogous results from 3.2 by taking the inverse limit with the additional information that for a finitely generated abelian group A we have A L = A ⊗ Z Z L , so that the universal coefficient theorem
gives that
because Z L is torsion-free and therefore we get Tor 
Taking theẐ-completion of this diagram, we see that the two middle horizontal lines stay exact and that ker(ρ 0 ) ∼ = ker(ρ). Note that A 0 (Y ) and π geo 1 (Y ) are profinite groups and do not change underẐ-completion, i.e. we haveρ 0 = ρ 0 . Comparing with the original bottom line sequence we get a commutative diagram
from which it follows that f is surjective, and ker(f )
is a divisible group. We therefore get an isomorphism 
vanishes. (Note that by 1.2 this assumption is equivalent to saying that
is torsion-free.) The kernel of the reciprocity map then vanishes and also modulo n for every integer n.
Proof. We have a commutative diagram of complexes
By geometrical connectedness the degree maps are surjective. Therefore we have a short exact sequence of complexes
And because Gal k ∼ =Ẑ is torsion-free, we get short exact sequences of complexes for every integer n:
From the long exact sequence follows the exact sequence
where the first term vanishes by assumption. For the last term we mention that (cf. [Liu02, §2.4, Ex. 4.4])
The isomorphism above also holds with Z/n-coefficients.
)/n) vanishes. By 3.2 the last term is isomorphic to ker(ρ n ).
So the claim follows. The same way one shows that ker(ρ) = 0. §4. Examples
Here we will give some examples of commonly used varieties and make some essential observations about the interaction of H 2 (Γ Y ) with the kernel of the reciprocity map and their torsion parts with CH 0 (Y ).
Example 4.1. Let k be a finite field and
be the surface of the projective tetrahedron. Then the reciprocity map
has trivial kernel and so also do the reciprocity maps modulo n for every integer n. But • The natural map π 1 (Z, z) → Gal k has a section for a geometric point z on Z (which is the case if Z has a k-rational point).
• The cohomology group H 2 (Gal k , Q/Z) vanishes.
Then the push-forward map i * :
be two lines on V and C, C be their images in X. Then D := C ∪ C is a simple normal crossing divisor on X, and C and C meet in two k-rational points. Set
where O = (0 : 1) and ∞ = (1 : 0) are rational points on P 1 k . Then Y is a simple normal crossing surface in X × k P 1 k which is projective and geometrically connected over k, and the reciprocity map [0] resp., has four irreducible components:
There are six connected components in Y [1] : 4.4 shows that the groups H 2 (Γ Y , Z) and H 2 (Γ Y ,Ẑ) are torsion-free, but the reciprocity map and the reciprocity map modulo n have kernel Z/n. Therefore the kernel is not given by the torsion part of H 2 (Γ Y , Z) or H 2 (Γ Y ,Ẑ).
